We express the electromagnetic field propagating in an arbitrary time-independent non-dispersive medium in terms of an operator that turns out to be pseudo-Hermitian for Hermitian dielectric and magnetic permeability tensors ↔ ε and ↔ µ. We exploit this property to determine the propagating field. In particular, we obtain an explicit expression for a planar field in an isotropic medium with
The study of electromagnetic (EM) fields propagating in a linear (non-dispersive) medium is one of the oldest problems of physics. Most textbook treatments of this problem begin with the assumption of harmonic timedependence. In this letter, we present a systematic solution of this problem that does not rely on this assumption and instead makes use of the notion of "pseudoHermitian operator" that was originally developed in [1, 2] to deal with PT -symmetric Hamiltonians [3] .
Consider the propagation of EM fields in a linear source-free medium with time-independent dielectric and inverse magnetic permeability tensors [4] . Then the electric and magnetic fields, E and B, satisfy Maxwell's equations:
where D := ↔ ε E, H := ↔′ µ B, a dot means a timederivative, and D denotes the curl operator; D F := ∇× F for any vector-valued field F . Our aim is to solve (2) for E = E(x, t) and B = B( x, t) in terms of the initial fields E 0 := E( x, 0) and B 0 := B( x, 0). We will consider lossless media for which ↔ ε ( x) and ↔′ µ ( x) are (Hermitian) positive-definite matrices for all x ∈ R 3 . We begin our study by expressing Eqs. (2) in terms of E and B. Taking the time-derivative of the second of these equations and using the result in the first, we obtain¨ E + Ω 2 E = 0 where
We can easily solve¨ E + Ω 2 E = 0 to find
In view of the first equation in (2), the magnetic field is given by B(
. Relation (4) is of limited practical importance, because in general its right-hand side involves infinite derivative expansions. We can choose the initial fields such that they are eliminated by a positive integer power of Ω 2 . This leads to an infinite class of exact solutions of Maxwell's equations with polynomial time-dependence. In order to use (4) in dealing with physically more interesting situations, we will express (5) and (6) as integral operators and compute the corresponding integral kernels (propagators). This requires a closer look at the operator
, where F and G are vector fields. Then H := { F : R 3 → C 3 | ≺ F , F ≻ < ∞} together with the inner product ≺ ·, · ≻ form a Hilbert space. It is easy to check that the curl operator D is actually a Hermitian operator acting in H. That is
But Ω 2 is not Hermitian. Its adjoint Ω 2 † , which is defined by the condition ≺ F ,
. This means that Ω 2 : H → H is an ↔ ε -pseudo-Hermitian operator [1] . Here we view ↔ ε as an operator acting in H according to (
Indeed, because This in turn implies that it defines a new positive-definite inner product that renders
2 may be mapped to a Hermitian operator h : H → H via a similarity transforms [2] . A possible choice for h is [5] 
Note that because ↔ ε ( x) and ↔′ µ ( x) are assumed to be positive matrices for all x, they have a unique positive square root [6] . This in turn implies that h is a positive operator with a nonnegative spectrum and a unique positive square root h
. Because h is Hermitian, we can use its spectral resolution to compute any function Φ of h, [7] . In light of
, this allows for the calculation of the action of Φ(Ω 2 ) on any vector field G:
where we have used Dirac's bra-ket notation.
To demonstrate the effectiveness of the above method we consider the textbook [8] problem of the planar propagation of the initial fields
along the z-axis in an isotropic medium with
1 , where x =: (x, y, z), ↔ 1 is the identity matrix, E 0 and B 0 are given envelope functions, k 0 is the principal wave number at which the Fourier transform of E 0 (z) and B 0 (z) are picked,î and j are the unit vectors along the x-and y-axes, and ε(z) and µ(z) are respectively (the z-dependent) dielectric and magnetic permeability constants. We will in particular consider the cases that ε(z) and µ(z) tend to constant values as z → ±∞.
For this configuration all the fields are independent of x and y-coordinates and we have
. In order to determine the spectral resolution of h we need to solve the time-independent Schrödinger equation for the position-dependent-mass Hamiltonian (10), i.e.,
Because of the above-mentioned asymptotic behavior of ε(z) and µ(z), the eigenfunctions of h are the solutions of (11) fulfilling the bounded boundary conditions at ±∞. Also note that ω 2 ∈ R + , because h is a positive operator. For an arbitrary ε we cannot solve (11) exactly. Therefore, we employ the WKB approximation. To do this we express ψ in its polar representation: ψ = R e iS where R and S are real-valued functions. Inserting ψ = R e iS in (11) gives
where
WKB approximation amounts to neglecting Q(z) in (12) . This yields
and c 1 , c 2 are possibly ω-dependent integration constants. Using these choices for S and R − and fixing c 1 and c 2 appropriately, we find the following δ-function normalized eigenfunctions for all ω ∈ R.
Next, we use ψ ω to express cos(h 1
Using (17) 
where ∆(z, w;
Because u is a monotonically increasing function that vanishes only at z = 0, it is invertible and its inverse u −1 is also a monotonically increasing function with a single zero at z = 0. This implies that the quantity
is the only zero of u(w)
In view of this relation and (16), we have
Furthermore, because both u and u −1 are monotonically increasing, for t > 0 we have w − (z, t) < w + (z, t) and Σ(z, w; t) = 2 for w − (z, t) < w < w + (z, t), 0 otherwise.
Next, we compute the action of cos(Ωt) on an arbitrary test function f (z). To do this we set Φ(Ω 2 ) = cos(Ωt) in (8) and use (20) and (23) to evaluate the corresponding integral. This yields
Similarly, setting Φ(Ω 2 ) = Ω −1 sin(Ωt) in (8) and using (21) and (24) we find
(26) Finally, we use (16), (25) and (26) to express (4) as
In vacuum where v = (εµ) −1/2 = c and WKB approximation is exact, (27) coincides with D'Alembert's solution of the 1+1 dimensional wave equation [9] .
In general, (27) is a valid solution of Maxwell's equations, if WKB approximation is reliable. This is the case whenever |Q(z)| is negligibly smaller than the right-hand side of (12), [15] . In view of (15) and (16) this condition takes the form
where we have suppressed the z dependence of v and µ. Due to the asymptotic behavior of µ and ε, v tends to constant values as z → ±∞. This in turn implies that the square root of the left-hand side of (28) has a least upper bound that we denote by ω min . In this case, (28) means |ω| ≫ ω min . Recalling the role of ω in our derivation of (27), we can view this condition as a restriction on the choice of the initial conditions. More specifically, (27) is a good approximation provided that for all ω ∈
For a planar laser pulse with initial envelope functions E 0 and B 0 picked far away from the region where ε and µ vary significantly, these conditions hold for c −1 ω min ≪ |k 0 |. The same is true for an initial plane wave with sufficiently large wave number |k 0 |.
As a concrete example, suppose that ε has a Lorentzian shape and µ is a constant:
where ε 0 , a, γ, µ 0 are positive constants and ε 0 µ 0 = c −2 . Then, by inspection, we can show that ω min ≤
. This means that WKB approximation and consequently (27) are valid provided that the allowed ω values be much larger than cγ −1 . In order to implement (27), we must compute w ± . This involves the evaluation and inversion of u. For the choice (29), we expand u and u −1 in power series in the inhomogeneity parameter a and perform a perturbative calculation of w ± . This yields
where θ ± (z, t) := tan
. In view of (29) and (30), we also have
where ξ(z, t) :=
With the help of (30) and (31) we can use (27) to determine the dynamical behavior of the EM fields for initial configurations of the form (9) provided that the initial fields do not violate the condition of the reliability of the WKB approximation and that we can neglect the third and higher order contributions in powers of a. For example we can use this method to determine the effect of the inhomogeneity (29) on the planar propagation of a Gaussian laser pulse [16] . Another application of our results is in the solution of the scattering problem. It is not difficult to see that for t → ∞ (i.e., ct ≫ z, γ),
ε(w ± (z, t)) ε(z)
where ∆r(z) := − aγ 2 tan
According to (27), (32) and (33), the scattering of an initial plane wave, with E 0 = e −ik0zî and B 0 = 0, by the inhomogeneity (29) results in a change in the amplitude and phase angle of the wave that are respectively given by ∆ρ(z) and −k 0 ∆r(z). Specifically, as t → ∞, where E(z, t) a=0 := 1 2 e −ik0(z−ct) + e −ik0(z+ct) î . The predictions of (34) should be experimentally verifiable in typical interferometry experiments [17] . Figure 1 shows the plots of ∆ρ and ∆r for a = 0.2. As seen from this figure ∆r has a discontinuity at z = 0.
A quantity of direct physical relevance is the
. Up to linear terms in a, it is given by . Figure 2 shows the graph of ∆Ẽ(k 0 , k) as a function of k. Again there is a discontinuity at k = k 0 . To summarize, we have obtained a closed form expression (4) for the propagation of EM fields in an arbitrary non-dispersive stationary medium that yields the fields in terms of a pseudo-Hermiticity operator Ω 2 . This allows for formulating the problem in terms of an equivalent Hermitian operator h. Using the spectral resolution of h and the WKB approximation we have found an explicit formula for the propagating fields and demonstrated its application for the scattering of plane waves moving in an inhomogeneous non-dispersive medium. Although similar spectral techniques have previously been used in dealing with EM waves [10] , we believe that our treatment provides a more straightforward and systematic solution for this problem with a wide range of applications, e.g., to study wave propagation in inhomogeneous fibers, observation of superfluid vortices, etc.
Our results may be generalized in various directions. For example, for the cases that ↔ ε fails to be Hermitian, one may appeal to the notion of weak pseudo-Hermiticity [11] and use the results of [12] 
